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Abstract. We classify four-dimensional compact solvmanifolds 
up to diffeomorphism, while determining which of them have 
complex analytic structures. In particular, we shall see that a 
four-dimensional compact solvmanifold S can be written, up to 
double covering, as T\G where G is a simply connected solvable 
Lie group and T is a lattice of G, and every complex structure 
J on 5 is the canonical complex structure induced from a left- 
invariant complex structure on G. We are thus led to conjecture 
that complex analytic structures on compact solvmanifolds are 
all canonical. 



1. INTRODUCTION 

In this paper we shall mean by a solvmanifold (nilmanifold) a com- 
pact homogeneous space of solvable (nilpotent) Lie group. Let M be an 
n-dimensional solvmanifold. M can be written as D\G, where G is a simply 
connected solvable Lie group and D is a closed subgroup (which may not 
be a discrete subgroup) of G. In the case where M is a nilmanifold, we can 
assume that D is a discrete subgroup of G. 

In the author's paper ^21 we observed that complex tori and hyperellip- 
tic surfaces are the only four-dimensional solvmanifolds which admit Kahler 

^Mathematics Subject Classification (2000): 32Q55, 53C30, 14J80. 
Key Words: solvmanifold, hyperelliptic surface, complex torus, Kodaira surface, Inoue 
surface, Mostow fibering, Wang group. 
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structures. In this paper we extend this result to the case of complex struc- 
tures; namely we will show the following: 

Main Theorem. The com,plex surfaces with diffeomorphism type of solv- 
manifolds are all of the complex tori, hyperelliptic surfaces, Primary Kodaira 
surfaces, Secondary Kodaira surfaces and Inoue surfaces. 

In Section 2 we classify four-dimensional orientable solvmanifolds up to 
diffeomorphism, which include all of the orientable T^-bundles over T^. In 
Section 3 we study in more details certain classes of four-dimensional solv- 
manifolds which admit complex structures; we show precisely how to con- 
struct complex structures on them. In particular we obtain the classifications 
of hyperelliptic surfaces and secondary Kodaira surfaces as solvmanifolds. 
In Section 4 we give the proof of the main theorem. To be more precise, 
the proof consists of two steps: First, we show that complex surfaces stated 
above in the main theorem are all obtained by constructing complex struc- 
tures on certain four-dimensional solvmanifolds. This is the part we shall 
see in Section 3. Next, we show that a complex surface with diffeomorphism 
type of solvmanifold must be one of the surfaces stated in the main theo- 
rem. This is the part we actually show in Section 4. As a consequence of 
the theorem together with the results of Section 3, we can see that complex 
structures on a complex surface S with diffeomorphism type of solvmanifold 
r\G (up to finite covering) are exactly those which are canonically induced 
from left-invariant complex structures on G (Proposition 4.2), where G is a 
simply connected solvable Lie group and F is a lattice of G. In other word 
these complex structures can be defined simply on the Lie algebras of G (see 
Section 3.8). In Section 5 (Appendix) we give a complete list of all the com- 
plex structures on four-dimensional compact homogeneous spaces, referring 
to their corresponding complex surfaces. A brief description of the list is 
provided, though the proof is mostly a combination of many known results, 
along with the application of Kodaira's classification of complex surfaces. 
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We shall discuss also some other important structural problems on solv- 
manifolds: while classifying four-dimensional solvmanifolds we can see the 
following: 

1) Every four-dimensional orientable solvmanifold is real parallelizable (see 
Proposition 2.3), which is noted in [2] without proof. 

2) There exist four-dimensional simply connected, unimodular and non- 
nilpotent solvable Lie groups which have no lattices (see Section 2.5). 

3) There exist four-dimensional solvmanifolds which cannot be written as 
r\G where G is a simply connected solvable Lie group and F is a lattice 
of G, although they have the solvmanifolds of the above type as double 
coverings (see Example 3.5). 

2. FOUR-DIMENSIONAL SOLVMANIFOLDS - CLASSIFICATION 
UP TO DIFFEOMORPHISM 

We recall some fundamental results on solvmanifolds. It is well-known 
jl6j that an n-dimensional solvmanifold M is a fiber bundle over a torus with 
fiber a nilmanifold, which we call the Mostow fibration of M. In particular 
we can represent the fundamental group F of M as a group extension of Z'^ 
by a torsion-free nilpotent group N of rank n — k, where 1 < k < n and 
k = n and only if F is ableain: 

O^iV^F^Z'^^O. 

Conversely any such a group F (which is called the Wang group) can be the 
fundamental group of some solvmanifold ( ^ I^H] ) • It is also known ^Hl that 
two solvmanifolds having isomorphic fundamental groups are diffeomorphic. 

From now on we denote by S" a four-dimensional orientable solvmanifold, 
F the fundamental group of S, and bi the first Betti number of S. The 
classification is divided into three cases: 
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(2.1) 2 < A; < 4 and iV is abelian 

(2.2) k = 1 and N is abelian 

(2.3) k = 1 and N is non-abelian 

It should be noted that these three cases are not exclusive each other. 
For instance, it can be easily seen that F of the case k = 3 can be expressed 
as the case k = 2, and also as the case k = 1 and N is either abelian or 
non-abelian. More precisely, we shall see that the class of solvmanifolds of 
the case (2.1) coincides with that of T^-bundles over (see Proposition 
2.1), and most of them belong also to the case (2.2) or (2.3). 

2.1. The case 2 < k < A and is abelian 

In the case A; = 4, F is abelian and 5 is a 4-torus with bi = 4. In the case 
k = 3,we have N = X^, and since S is orientable the action (p : Zi^ ^ Aut(Z) 
is trivial. Hence F is a nilpotent group, which can be canonically extended 
to the nilpotent Lie group G, and S = T\G is a nilmanifold with bi = 3. 
5 has a complex structure defining a primary Kodaira surface (see Section 
3.4). In the case k = 2, we have N = Zi'^, and 5 is a T^-bundle over T^. 

We have the following general result (including non-orientable cases), 
which appears to be well-known. 

Proposition 2.1. The diffeomorphism class of four- dimensional solvmani- 
folds with 2 < 6i < 4 coincides with that of T'^ -bundles over T^. 

Proof. We know that F of the case k = 3 can be expressed as the case 
k = 2, and the corresponding nilmaifold with bi = 3 has a structure of T^- 
bundle over T^. We also know [2] that a solvmanifold of general dimension 
can has a structure of fiber bundle over T^^ with fiber a nilmanifold (which 
may be different from the Mostow fibration). Hence, the four-dimensional 
solvmanifolds with 2 < bi < 4 are all T^-bundles over T^. Conversely, for 
a given T-^-bundle S over T'^ there exits a four-dimensional solvmanfold S 
with the same fundamental group as S. Since the diffeomorphism type of 
T^-bundle over is determined only by the fundamental group (jl9j). S 
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must be diffeomorphic to S. □ 

The classification of T^-bundles over is well-known f |19[ \'2'2\). Ac- 
cording to the above proposition, we can classify them as four-dimensional 
solvmanifolds. Let us first consider the group extension: 

^ ^ r ^ ^ 0, 

where the action (j) : Z'^ —>■ Aut(Z^) is defined by (j){ei), 4'{e2), ei = (1, 0), 62 = 
(0,1). Since the total space is orientable (/)(ei), 0(e2) G SL(2,Z), and since 
(j){ei) and 0(62) commute we can assume that (j){ei) = ±1 (cf. [T^l. 

1) In the case where (/'(ei) = I, by taking a section s of r defined on the 
first facter of Z^, we can construct a subgroup Z^ of F with the group 
extension: 

^ Z^ ^ r ^ Z^ ^ 0. 
Hence this case is included in the case (2,2). 

2) In the case where 0(ei) = —I, we can assume that the characteristic 
polynomial <I> of (j){e2) has the double root 1 or two distinct positive real 
roots. 

a) If <I> has the double root 1, 4'i^2) is expressed in the following form: 

As in the case where (p{ei) = I, by taking a section s of r, we can 
construct a subgroup N of F, which is a torsion-free nilpotent group 
with the group extension: 

o^iv^r^z^^o. 

Hence this case is included in the the case (2,3) (this case is precisely 
the case 2b) of (2,3)). 
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b) If $ has two distinct positive real roots ai,a2, we can similarly con- 
struct a subgroup if of F with the group extension: 

where ^ = 2^x1 Z (a non-nilpotent solvable group) which can be ex- 
tended to the solvable Lie group G = xi R defined by the action 
'4){t){x,y) = (e*'°s"ix, e*'°^"2y)_ 5- = K\G is a three-dimensional solv- 
manifold, and the solvmanifold S corresponding to F is a fiber bundle 
over with fiber S where the action ^ : Z — Aut(5') is canonically 
induced by (/>(m) = (-l)"'l2 x Ii G Aut(G). 

Remark 2.2. The solvmanifolds of the case 2a) and 2b) above are the 
examples which cannot be written as r\G, where G is a simply connected 
solvable Lie group and F is a lattice of G. However, it is clear that they 
have the solvmanifolds of the above type as double coverings. 

2.2. The case k = 1 and TV is abelian 

The group extension is split and thus determined only by the action 

: Z ^ Aut(Z''^). Since S is orientable, ^(1) = A e SL(3,Z), and the 
action cj) is defined by 

3 

</'(l)(ei) = ^aijej,i = 1,2,3, 

where ei = (1,0, 0), 62 = (0,1,0), 63 = (0,0,1). We mean by roots of ^(1) 
the eigenvalues of ^(1), the roots of the characteristic polynomial $ of ^(1). 
Since $ is of the form $(f) = t^—mt^+nt—1, where m, n are integers, we can 
see that $ has no double root except 1 or —1. This is an important Lemma 
(for which the proof is quite elementary) though it seems to be unknown. 

Lemma 2.2. Let ^{t) be a polynomial of the form <l>(t) = t^ — mt^ + nt — 

1 (m, n G Z). Then it has a real double root a if and only if a = 1 or —1 for 
which $(t) = - + at - 1 or ^{t) = t^ + t"^ - t - 1 respectively. 
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Proof. Assume that has a double root a and another root b. Then we 
have that a^b = 1,2a + b = m,a^ + 2ab = n, from which we deduce that 
ma^ — 2na + 3 = 0, 3a^ — 2ma + n = 0; and thus 2(m^ — 3n)a = mn — 9. If 
= 3n, then m = n = 3 and a = 1. If ^ 3n, then we have that a = 
Tnra-9 -^vhich ig a rational number. Since we have that 2a + 4j- = m G Z, 

2(m-^— 3n)' a"' ' 

a must be —1 or 1. 

□ 

Now we classify the group extensions and their corresponding solvman- 
ifolds according to the roots of ^(1). 

1) If 0(1) has three distinct positive real roots 01,02,03, we have linearly 
independent eigen vectors ui , U2 , U3 of 01,02, 03 respectively. Let Ui = 
{uii,Ui2,Ui3), i = 1,2,3. Then {^1,^2,^3}, Vj = {uij , U2j , usj) , j = 1,2,3 
defines an abelian lattice of R^. We define a solvable Lie group G = 

XI R, where the action : R — Aut(R^) is defined by 

which is a canonical extension of (f). Then F = Z^ xi Z is a lattice of G, 
and S = r\G is a solvmanifold. We can see that S is a T^-bundle over 
T^. S has bi = 2 for the case where one of the roots is 1, and 61 = 1 for 
the case where none of the roots is 1. 

2) If (^(1) has three distinct real roots two of which are negative, S has a 
double covering solvmanifold of the above type 1). 

3) If has a triple root 1, taking a suitable basis {^1,^2,^3} of R^, 
(f){l) is expressed in either of the following forms: 

/I 1 n /I 1 o\ 

011,010. 

Vooiy vooiy 
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Let G = XI R, where the action ^ : R — Aut(R^) is defined by 

4>{t) = exp t 
for the former case, and 

(f>{t) = exp t 

for the latter case. Then, as defined in the case 1), {vo,vi,V2,V3} defines 
a lattice F of G, and 5 = r\G is a nilmanifold. We can see that S" is a 
nilmanifold with hi = 2 for the former case, and a nilmanifold with hi = 3, 
a primary Kodaira surface, for the latter case. 

4) If 0(1) has a single root 1, and a double root —1 or non-real complex 
roots f3{\l3\ = 1), /9, then 5 is a T^-bundle over and has hi = 2. In 
case 0(1) has a double root —1, taking a suitable basis {ui,U2-,u-i} of R^, 
0(1) is expressed in either of the following forms: 




Except for the latter case in the above, each corresponding solvmanifold 
has a complex structure, defining a hyperelliptic surface. For the details 
of hyperelliptic surfaces we refer to Section 3.3. 

We can see that the solvmanifold corresponding to the latter case has a 
nilmanifold with 6i = 3 as a double covering. 

5) If 0(1) has a positive real root a, and non-real complex roots /3 (|/3| = 
b ^ 1), P, then S is an Inoue surface of type S. For the details we refer 
to Section 3.6. 

2.3. The case k — 1 and N is non-abelian 
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The group extension has a non-abehan kernel N which is a torsion-free 
nilpotent group of rank 3. We can see that the extension is spht and is 
determined only by the action : Z — Aut(A?^). ^(1) induces an automor- 
phism (^(1) of the center Z of iV. 0(1) also induce an automorphism <p{l) of 
Z2 = N/Z, that is, ^(1) G GL(2, Z). 

1) In the case where 0(1) = Id and det 0(1) = 1, we have the following: 

a) If 0(1) has positive real roots a{j^ 1),6, then S is an Inoue surface of 
type 5+. We refer to Section 3.7 for the details. 

b) If 0(1) has negative real roots a (7^ —1), b, then S has a double covering 
solvmanifold of the above type a). 

c) If 0(1) has a double root 1, then we can assume that 0(1) is of the 



We can see that R^{r, Z) = Z^ e Z/nZ. Hence, 5 is a T^-bundle over 
T^, for which bi = 2 for the case n 7^ 0, and 61 = 3 (5 is a primary 
Kodaira surface) for the case n = 0. 

d) If 0(1) has a double root —1 or non-real complex roots a (|a| = 1), a, 
then S has a double covering of the type Ic) and has 61 = 1. In case 
0(1) has a double root —1, we can assume that 0(1) is of the form 



Except for the case n 7^ in the above, each corresponding solvmanifold 
has a complex structure, defining a secondary Kodaira surface. We refer 
to Section 3.5 for the details of secondary Kodaira surfaces. 



has a double covering of a solvmanifold of type 1). We have actually the 
following: 



form 





2) In the case where 0(1) = —Id and det 0(1) 



1, it is clear that S 
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a) If (f>{l) has real roots a 1), b, then S is an Inoue surface of type S 
(see Section 3.7). 

b) If (p{l) has roots 1 and —1, then 5 is a T^-bundle over and has 
bi = 2. We refer to Example 3.5 for the details. 

Remark 2.2. T can be expressed both as a group extension of by 
and as that of Z^ by a non-ableain nilpotent group if and only if F is of 
the form x Z^. Correspondingly, S belongs to both of the cases (2,2) and 
(2,3) if and only if 5 is a nilmanifold with 6i = 3 (a Kodaira surface). 

2.4. Parallelizability of solvmanifolds 

As an application of the classification, we can see the following (cf. |2). 

Proposition 2.3. Any four- dimensional orientahle compact solvmanifold 
is real parallelizable. 

Proof. In fact, let us consider first a solvmanifold r\G, where G = xi R 
with the action (p defined by 

(l){t){x, y) = (cos(7rt)x — sin(7rt)y, sm{-irt)x + cos(7rt)y), 

and r = Z^ XI Z, which is a lattice of G. Then we have linearly independent 
left-invariant vector fields Xi , X2 , on G: 

Xi = cos(7ri)^ +sin(7rt)^, X2 = - sin(7rt)^ + cos(7rt)^, = |. 

As we have seen in the above classification, a four-dimensional solvmanifold 
S is either of the form T\G, where G is a simply connected solvable Lie 
group and F is a lattice of G, or has a double covering of a solvmanifold S 
of the above type. For the former case it is clearly parallelizable, and for 
the latter case since the covering is of the same type as the above, we can 
construct four linearly independent vector fields on S, which are invariant 
by the covering transformation, in the same way as the above case (though 
they are not in general left-invariant vector fields on G). □ 
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Remark 2.4- There exists a five-dimensional solvmanifold which is not real 
parallelizable ([2]). 

2.5. Lattices of solvable Lie groups. 

1) A simply connected solvable Lie group G = Ji? xi R, where the action 
(/> : R ^ Aut(R3) is defined by 0(t)((x, y, z)) = (e''*x, e""*?/, e'^'^^z), a(/ 
0) € R, has no lattices, although it has a geometric structure. This is 
due to the Lemma, and the fact that G has a circle action rotating the 
first two coordinates. An Inoue surface of type S can be interpreted as a 
geometry of this type, (for the details we refer to |23]). 

2) We have another type of a simply connected, unimodular and non- 
nilpotent solvable Lie group which has no lattices: Let g be a Lie algebra 

Q = {Xi,X2,Xs,X4}, 

where bracket multiplications are defined by 

[X4,Xi] = —2Xi, [X4,X2] = X2, [X4,Xs] = X3, 

[X2,X^] = -Xi, [Xi,X2] = 0, [Xi,X3] = 0. 

Then it can be seen from our classification that the corresponding Lie 
group G has no lattices. 

3. FOUR-DIMENSIONAL SOLVMANIFOLDS ~ WITH THE 
CONSTRUCTIONS OF CANONICAL COMPLEX STRUCTURES 

We shall study in this section some important classes of solvmanifolds 
in further detail. In particular we study in separate sections certain classes 
of solvmanifolds on which we can construct canonical complex structures, 
determining some explicit classes of complex surfaces. 
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3.1. Some basic examples 

Example 3.1. Let F = Z x Z, where the action (f> : Z ^ Aut(Z) is defined 
by = —1. Then F acts on as follows: 

{a,b) ■ {x,y) = {a+ {-l)''x,b + y), 

{x, y) G R2, (a, 6) G F. M = B? /V is the Klein Bottle. Let G = C X R be 
a solvable Lie group defined as follows: 

{w, t) ■ {z, s) = (w + e^^^z, t + s). 

Let D = {{p+iu, q)\p,q & Z,u & R} and D' = {{iu, 0)| u G R} be closed 
subgroups of G. Then we have D = £>' x F, and D\G = {D'\G)/T = R^/F. 

Example 3.2. Let G = C x R be a solvable Lie group defined as follows: 

{w, t) ■ {z, s) = iw + e^'^'^z, t + s). 

F = {{p + qi,r)\p,q,r G Z} is a uniform discrete subgroup of G, which 
is abelian. F\G is diffeomorphic to (a three-dimensional torus). 

Example 3.3. Let F = Z^ xi Z, where the action </> : Z ^ Aut(Z2) 
is defined by (p{l) = yl G SL(2,Z). Assume that A has complex roots 
a, a (a 7^ a), \a\ = 1 with the eigen vector (a, b) G of q, or a double root 
— 1 with linearly independent eigen vectors a, 6 G C (considering R^ as C) 
Since the multiplication by a preserves the lattice spanned by a and b, a 
must be e*''*,ry = |7r, ^tt or ^tt. Let G = C xi R be a solvable Lie group 
defined as follows: 

{w,t) ■ {z,s) = iw + e'''^z,t + s), 

where rj = it, |7r, ^tt or ^vr. Considering F as the lattice of G spanned by 
(a, 0), (6,0) and (0, 1), F\G is a solvmanifold, which is a finite quotient of 
and has a structure of T^-bundle over T^. 
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Example 3.4. Let A„ = xi Z, where the action : Z — >■ Aut(Z^) is 
defined by 0(1) = A„ G GL(2, Z), 



The action 6 can be extended to ^ : R ^ Aut(R2) defined by (p{t) = A{t) G 



Let AT = XI R be a nilpotent Lie group defined by the action (p. Then 
each A„ is a lattice of and An\N is a nilmanifold. 

Example 3.5. Let r„ = A„ xi Z, where A„ is the same nilpotent group as 
in Example 3.4, and the action (p : Z —>■ Aut(A„) is defined by (p{l) = r G 
Aut(A„), 



Let G = AT X R be a nilpotent Lie group, where N is the same nilpotent Lie 
group as in Example 3.4. r„ acts as a group of automorphisms on G. r„\G 
is a solvmanifold, which has a nilmanifold with 6i = 3 as a double covering, 
and has a structure of T^-bundle over T^. 

3.2. Complex Tori 

An n-dimensional torus T" is a compact homogeneous space of the 
abelian Lie group R": that is, T" = Z"\R" where Z" is an abclian lat- 
tice of R" which is spanned by some basis of R" as a real vector space. 
For the case n = 2m, the standard complex structure C™ on R^™ defines a 
complex structure on T^™. The complex manifold thus obtained is a com- 
plex torus, which is known to be the only compact complex Lie group. It 
should be noted that complex structures on T^™ differ for different abelian 
lattices, while the underlying differentiable manifolds are diffeomorphic each 
other. On the other hand, as was shown in Example 3.2, T'^{n > 3) can 




GL(2,R), 
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admits a structure of non-tor al solvmanifold. It is conjectured that complex 
structures on T^"* are only the standard ones (we know that this is valid for 
m = 1,2 since they are Kahlerian). 

3.3. Hyperelliptic surfaces 

Let r = XI Z\ where the action : ^ Aut(Z^) is defined by ^(1) = 
A G SL(3, Z). Assume that A has a single root 1, and a double root —1 with 
linearly independent eigen vectors of —1 or non-real complex roots /3 (|/?| = 
1), p. We shall see that the class of the corresponding solvmanifolds with 
canonical complex structures coincides with that of hyperelliptic surfaces. 

For a given A G SL(3, Z) which satisfies our assumption, we can find a 
basis {«!, U2, Us} of such that Aui = aui — bu2,Au2 = bui + au2, Aus = 
U3, where a = — 1 and 6 = for the case that A has a double root —1, and 
a = Re /? and 6 = Im /3 for the case that A has a non-real complex root p. 
Let Ui = {uii,Ui2,Ui3), i = 1,2,3. Then {vi,V2,V3}, Vj = {uij , U2j , usj) , j = 
1,2,3 defines an abelian lattice Z^ of which is preserved by a rotation 
around a fixed axis. In particular, (3 must be e"» = |7r, ^tt or ^tt). 

Furthermore, we may assume that usj = 0,j = 1, 2, and A is of the form 

On ai2 \ 
a2i a22 , 
P 9 1 / 

where A' = (aij) G SL(2,Z),p, g G Z. Since A' has the root —1 (with 
linearly independent eigen vectors) or we can assume that A' is of the 
form: 

( 0^ -1 ) ' ( -1 -1 ) ' ( -1 ) ' ( -1 1 ) ' 
according to the root e'^ of A', where rj = n, |7r, ^tt or ^tt, respectively. 

We now define a solvable Lie group G = (C x R) xi R, where the action 
: R ^ Aut(C X R) is defined by 

<P{t){{z,s)) = ie'^h,s), 
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which is a canonical extension of (p. T = Z xi Z clearly defines a lattice of 
G. Since the action on the second factor R is trivial, the multiplication of 
G is defined on as follows: 



where t = Rew2- For each lattice T of G, T\G with canonical complex 
structure defines a complex surface, actually a hyperelliptic surface. 

We can see that there exist seven isomorphism classes of lattices of G, 
which correspond to seven classes of hyperelliptic surfaces. For each r], 
take a lattice of spanned by {vi,V2,v^} for A with p = q = 0. 
Then we can get a lattice Z^ spanned by {vi,V2,v'^} for A with arbitrary 
{p,q) € Z^, by changing into v'^ = svi + tv2 + ^3 where s,t £ Q with 
< s, t < 1, and F = Z'^ xi Z defines a lattice of the solvable Lie group G. By 
elementary calculation, we obtain the following seven isomorphism classes 
of lattices: besides four trivial cases with (p, q) = (0, 0) and (s, t) = (0, 0) 
for 7] = TT, Ivr, ^TT and ^vr, we have three other cases with {p, q) = (1, 0), and 



(i) {s, t) = (i, 0) for r? = vr, (ii) (s, t) = (i, \) for 77 = fvr, (iii) (s, t) = (i, \) 



The corresponding solvmanifolds with canonical complex structures co- 
incides with the class of all hyperelliptic surfaces (cf. 0]). 

3.4. Primary Kodaira surfaces 

Let r„ = A„ X Z, and G = x R, where A„ and N are the nilpotent 
group and nilpotent Lie group defined in Example 3.4 respectively. Sn = 
Vn\G is a nilmanifold with 61 = 3. Expressing the nilpotent Lie group in 
Example 3.4 as 



we can define a coordinate change <I> from A^ x R = R^ x R to R^: 



(^1,^2) • {ZI,Z2) = {Wl + e*'' Zi,W2 + Z2), 



for r] = ^TT. 




$ : {{x,y,s 



), t) ^ (x, y, 2s - xy, 2t + ^{^^ + V^))- 
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Considering as the group operation on G in the new coordinate can 
be expressed as follows: 

{WI,W2) ■ {Z1,Z2) = {Wl + Zi,W2 -iWlZl + Z2) ■ 

Sn with this complex structure is a primary Kodaira surface. 

Conversely, any primary Kodaira surface, which is by definition a com- 
plex surface with the trivial canonical bundle and bi = 3, can be written as 
C^/r where F is a properly discontinuous group of affine transformations in 
the above form f|15jl. 

3.5. Secondary Kodaira surfaces 

Let r„ = An XI Z, where the action : Z — > Aut(A„) satisfies the 
condition that the induced automorphism (p{l) of Z is trivial, that is, (p{l) = 
Id, and the induced automorphism 0(1) of Z^ has a double root —1 with 
linearly independent eigen vectors, or non-real complex roots, a, a {a ^ 
a), \a\ = 1. 

We shall see that r„ can be extended to a solvable Lie group G = xi R. 
As we have seen in Section 3.3, a must be e*'', rj = tt, |7r, ^vr or ^tt, and there 
exists a basis {u[, of R^ such that Au[ = au[ — bu'2, Au'2 = hu'i + au'2, 
where A = a = Kea,b = Ima, and u[ = {uii,ui2),U2 = {u2i,U22)- 

The abelian lattice Z^ of R^ spanned by {v'i,V2}, where v[ = (uii, ?i2i), ^2 — 
(ni2, U22), is preserved by the automorphism tp' : (x, y) — > {ax — by, bx + ay) 
of R^ . We can extend ip' to an automorphism of A^ of the form: 

ip : {x, y, z) — > {ax - by, bx + ay,- + h{x, y)), 

n 

for some polynomial h. As V' is a group homomorphism of finite order, by 
simple calculation, we see that h = \b {ax"^ — ay"^ — 2bxy) . We can extend the 
lattice Z^ spanned by {^^,^2} to a lattice A„ spanned by {fi, f2, ^3}, fi = 
(mii,U2i,U3i),i;2 = (ni2,n22,n32),'L'3 = (0,0,^33) for suitable M31 , ""32 , ""33 , 
so that An is preserved by ip. We now define a solvable Lie group G by 
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extending the action (/)(rn-) = 'ip"^,m € Z to ip{t),t E R, replacing a with 
cos7/f and b with sin r]t. It is clear that r„ = A„ xi Z defines a lattice of 
G. If we take the new coordinate as in Section 3.4, the automorphism '0 is 
expressed as, 

{ZI,Z2) > {CZI,Z2) 

for C G C, ICI = 1. It follows that the above automorphism is holomorphic 
with respect to the complex structure defined in Section 3.4. Therefore, 
Sn = r„\G is a finite quotient of a primary Kodaira surface, and Sn with 
the above complex structure is a secondary Kodaira surface. 

The classification of secondary Kodaira surfaces are known (cf. [HI I21j): 
it is by definition a finite quotient of a primary Kodaira surface, which can 
be also written as C^/F where F is a properly discontinuous group of affine 
transformations. And all the secondary Kodaira surfaces are constructed in 
the above way. 

3.6. Inoue surfaces of type S 

Let F = Z-^ XI Z, where the action (f) : Z ^ Aut(Z^) is defined by 
0(1) = A G Aut(Z'^) = GL(3,Z). Assume that A has complex roots a, a 
and a real root c, where c ^ 1, |apc = 1. Let {ai, 02,03) G be the 
eigen vector of a and (01,02,03) € the eigen vector of c. The set of 
vectors {(oj, q) € C x R | i = 1, 2, 3} are linearly independent over R, and 
defines a lattice Z'^ of C x R. Let G = (C x R) xi R be a solvable Lie 
group, where the action : R — > Aut(C x R) is defined by <^(t) : {z, s) 
{a^z, c^s), which is a canonical extension of (f). Then F is a lattice of G and 
S = T\G is a solvmanifold. Using the diffeomorphism R R4. defined 
by t — > e'°S'^*, S can be considered as F'\C x H, where F' is a group of 
automorphisms generated by go and gi,i = 1,2,3, which correspond to the 
canonical generators of F. We can see that go : (21,^2) {azi,cz2) and 
gi : (21,^2) {zi + ai,Z2 + Ci),i = 1,2,3. S with the above complex 
structure is, by definition, an Inoue surface of type S. 
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3.7. Inoue surfaces of type 8=*= 

Let r„ = A„ XI Z, where the action cj) : 7i ^ Aut(A„) satisfies the 
condition that for the induced action : Z ^ Aut(Z), 4>{1) = Id, and 
for the induced action : Z ^ Aut(Z^), (/>(!) = {riij) G SL(2, Z) has two 
positive real roots, a, 6 {ah = 1). Let (01,02), (61,62) £ be eigen vectors 
of a, 6 respectively. Let G = N >\ R be a solvable Lie group, where the 
action <^ : R ^ Aut(A^) is defined by 



which is a canonical extension of (p. In order to define a lattice A„ which is 
preserved by 4>, we take 51 , 52 ; ffs G as 





X 








1 




H 


V 














51 = U i Oi , 52 



where ci,C2,C3 are to be determined, satisfying the following conditions: 

1) [51,52] =53 

2) 0(l)(5i) = g'^^'g^'gl 0(1)(52) = gT'gT'gl where k,leZ. 
If we take go G N >i R as 

go=(J^O 1 j , 1 j , p e R, 

then {50,51552,53} defines a lattice r„ of G, and Sn = ^n\G is a solvmani- 
fold. 

Now, we define a diffeomorphism ^ : G = N >^ R — ^ R^ x R+, for an 
arbitrary 7 = p + G C and a = log b, by 




(x, e^'y + qt, s, e"'). 
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Then considering x R+ as C x H, go, 9i, 92, 93 are corresponding to the 
following holomorphic automorphisms of C x H, 

50 : {zi,Z2) {zi +7,6^2), 

gi ■ {zi,zi) (zi + aiZ2 + Ci, Z2 + bi), 

where i = 1,2,3 and 03 = 63 = 0. Sn with the above complex structure is, 
by definition, an Inoue surface of type S'^ . 

An Inoue surface of type S~ is defined similarly as the case where the 
action (j) : 7i ^ Aut(A„) satisfies the condition that ^{\) = —Id, and 
has a positive and a negative real root. It is clear that an Inoue surface of 
type S~ has S'^ with 7 = as its double covering surface. 

3.8. Complex structures on solvable Lie algebras 

We have seen that a four-dimensional solvmanifold S can be expressed, 
up to finite covering, as r\G where G is a simply connected solvable Lie 
group and F is a lattice of G. And we have explicitly constructed complex 
structures on S, as those canonically induced from some left-invariant com- 
plex structures on G. In the following list, for each complex surface with 
diffeomorphism type of solvmanifold, we express the corresponding solvable 
Lie algebra g of G as being generated by {Xi, X2, X3, X4} with the speci- 
fied bracket multiplication. And for each case except 6), the almost complex 
structure J is defined by JXi = X2, JX2 = —Xi, JX^ = X4, JX4 = —X^, 
for which the Nijenhuis tensor N{X, Y) = [JX, JY] - J[JX, Y] - J[X, JY] - 
[X,Y] vanishes. 

1) Complex Tori 

[Xi,Xj] = 0{l<i<j <4). 

2) Hyperelliptic Surfaces 

[X4, Xi] = —X2, [X4,X2] = Xi, and all other brackets vanish. 

3) Primary Kodaira Surfaces 

[Xi,X2] = —X^, and all other brackets vanish. 
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4) Secondary Kodaira Surfaces 

[Xi,X2] = -X3,[X4,Xi] = -X2,[Xi,X2] = Xi, and all other brackets 
vanish. 

5) Inoue Surfaces of Type S 

[Xi,Xi] = aXi - bX2, [Xi,X2] = bXi + 0X3, [Xi,X^] = -2aXs, and all 
other brackets vanish, where a, 6 (7^ 0) € R. 

6) Inoue Surfaces of Type and S" 

[X2,X3] = -Xi,[Xi,X2] = X2,[X4,X3] = -X3, and ah other brackets 
vanish. The almost complex structure J is defined by JXi = X2, JX2 = 
— Xi, JX3 = X4 — (7X2, JX4 = — X3 — qXi, and the Nijenhuis tensor 
vanishes for this J. 

The Inoue Surfaces of Type S~ is not of the form r\G, but has a double 
covering Inoue surface of type S'^; and its complex structure comes from 
the one of the above type. 

4. PROOF OF THE MAIN THEOREM 

In this section we shall prove the main theorem we stated in Section 1; 
we show actually that a complex surfaces with diffeomorphism type of solv- 
manifold must be one of the following surfaces: complex tori, hyperelliptic 
surfaces, Primary Kodaira surfaces, Secondary Kodaira surfaces, and Inoue 
surfaces. It should be noted that we have already seen in section 3 that all of 
the above complex surfaces have the structures of four-dimensional solvman- 
ifold. In this section we shall use the standard notations and terminologies 
in the field of complex surfaces (see ^IH] for references). 

Now let be a complex surface with diffeomorphism type of solvmani- 
fold. We first remark that since S is parallelizable (see Proposition 2.3) the 
Euler number C2 of S vanishes, and the fundamental group of S is abelian 
if and only if S is a four-dimensional torus (^H]). Let k{S) be the Kodaira 
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dimension of S. The classification of complex surfaces with C2 = is divided 
into three cases: n{S) = — oo, 0, 1 (c.f. ^). In the case where k{S) = — oo, S 
is a surface of VIIq or ruled surface of genus 1. The latter surface cannot be 
diffeomorphic to a solvmanifold since the fundamental group of ruled surface 
of genus 1 is Z'^ (which is abelian). According to the well-known theorem 
of Bogomolov (proved by Li, Yau and Zheng |H]), we know that a complex 
surface of VIIq with bi = 1 and C2 = is an Inoue surface or a Hopf surface. 
Since the fundamental group of the Hopf surface is of the form H y<\ Z where 
H is a finite unitary group (including the trivial case) (cf . ) , it cannot be 
the fundamental group of solvmanifold. Hence S must be an Inoue surface. 
In the case where k{S) = 0, S" is a complex torus, hyperelliptic surface, or 
Kodaira surface (primary or secondary Kodaira surface). 

In the case where k{S) = 1, S is, a (properly) elliptic surface (which 
is minimal since C2 = 0). Let us first recall some terminologies and funda- 
mental results concerning topology of elliptic surfaces in general. An elliptic 
surface is a complex surface S together with an elliptic fibration f : S ^ B 
where i? is a curve, such that a general fiber f^^[t),t E B (except finite 
points ti,t2, ■■■,tk) is an elliptic curve. The base curve B is regarded as a 
two-dimensional orbifold with multiple points U with multiplicity nii, where 
> 2) is the multiplicity of the fiber f~^{ti) {i = 1,2,...,A;). An el- 
liptic surface S is of the type hyperbolic, flat (Euclidian), spherical or bad, 
according as the orbifold B is of that type. The Euler number e°^^{B) of 
B is by definition e{B) — Yli=i ^ ~ where e{B) is the Euler number of 
B as topological space. We know that B is hyperbolic, fiat or spherical 
according as e°^^{B) is negative, 0, or positive. In the case C2 = 0, we can 
see (|28j) that an elliptic surface S is hyperbolic, fiat or spherical according 
as the Kodaira dimesion k(S') is 1,0 or —oo. We now continue our proof for 
the case n{S) = 1. By the above argument, S is a minimal elliptic surface 
of hyperbolic type. We show that the fundamental group of S is not solv- 
able, and thus S cannot be diffeomorphic to a solvmanifold. We have the 
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following presentation of vri(5) as a short exact sequence (c.f. jH]): 

where iTf^^{B) is the fundamental group as two-dimensional orbifold. 

Since 7r"'''^{B) is a discrete subgroup of PSL(2, R), it contains a torsion- 
free subgroup r of finite index, such that T is the fundamental group of 
a finite orbifold covering B of B, which is a close surface of genus g > 2 
(or a Riemann surface of hyperbolic type) (cf. ^Hl)- We know that F is 
represented as a goup with generator {ai, 02, Og, 61, 62, ^g} and relation 
nf=i['^i) bi] = 1, which is not solvable for g > 2 (cf. [H]). It follows that tti{S) 
cannot be solvable since the quotient groups and subgroups of a solvable 
group must be solvable. This completes the proof of Main Theorem. □ 

We state the above result as the theorem, with its immediate consequence 
as a proposition. 

Theorem 4.1 (Main Theorem). The complex surfaces with diffeomor- 
phism type of solvmanifolds are all of the complex tori, hyperelliptic surfaces, 
Primary Kodaira surfaces, Secondary Kodaira surfaces and Inoue surfaces. 

Combined with the results of section 3, we obtain the following result. 

Proposition 4.2. Every complex structure J on a four- dimensional solv- 
manifold S is canonical: that is, up to finite covering, S can be written as 
T\G, where G is a simply connected solvable Lie group, T is a lattice of 
G, and J is the complex structure canonically induced from a left-invariant 
complex structure on G. 

Conjecture. It is natural to conjecture that the above proposition holds for 
solvmanifolds of general dimensional. It should be noted that this conjecture 
is closely related to the general conjecture on Kaehlerian solvmanifolds (see 
[T2] for the detail). 
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5. APPENDIX - COMPLEX STRUCTURES ON FOUR-DIMENSIONAL 
COMPACT HOMOGENEOUS SPACES 

In this section we determine complex surfaces with diffeomorphism type 
of compact homogeneous spaces. It is known (due to V. V. Gorbatsevich 
P] , also see ^U] ) that a four-dimensional compact homogeneous space is dif- 
feomorphic to one of the following types: (1) ]^ S''^' (up to finite quotient), 
where h > 1 with ^ /cj = 4, (2) CP^, (3) Solvmanifold, (4) x r\SL2(R), 
where SL2(R) is the universal covering of SL2(R) and F is a lattice of 
SL2(R). We can determine, from the above result, complex structures on 
four-dimensional compact homogeneous spaces in the following list: 



s 


&i 


Complex Structure 


K 




2 


Ruled Surface of genus 1 








1 


Hopf Surface 


S'^ X S'^ 





Hirzebruch Surface of even type 


CP' 





Complex Projective Space 


Solvmanifold < 


1 


Inoue Surface 


4 


Complex Torus 






3 


Primary Kodaira Surface 


2 


Hyperelliptic Surface 


1 


Secondary Kodaira Surface 


X F\SL2(R) 


odd 


Properly Elliptic Surface 


1 



where k is the Kodaira dimension of S, H is a finite subgroup of SU(2) acting 
freely on . 

It is well-known (due to A. Borel and J. P. Serre) that has no almost 
complex structure. For the case of S'^ x T'^, it is known (due to T. Suwa 
j2Uj ) that a complex surface is diffeomorphic to a S^-bundle over if and 
only if it is a ruled surface of genus 1. We can see this also from the recent 
result (due to R. Friedman and Z. B. Qin [7|) that the Kodaira dimension 
of complex algebraic surface is invariant up to diffeomorphism. To be more 
precise, there exist two diffeomorphism types of ruled surfaces of genus 1: the 
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trivial one and the non-trivial one (which correspond to two diffeomorphism 
types of S'^-bundles over T^), and the latter is not of homogeneous space 
form (see |2Uj). For the case of x S^, K. Kodaira showed ^1] that a 
complex surface diffeomorphic to a finite quotient of x is a Hopf 
surface. Generally a Hopf surface is diffeomorphic to a fiber bundle over 
with fiber S^/U, defined by the action p : Tri{S^) -^u(2)(U) with p(l) 
being cyclic of order m, where U is a finite subgroup of U(2) acting freely 
on S^: that is, S = Xz„ S'^/U (cf. ^2)- We can see that a Hopf surface 
is of homogeneous space form if and only if [/ is a finite subgroup of SU(2). 
Let G = SU(2) X S^, which is a compact Lie group structure on x S^. 
Take a finite subgroup A = H y\ of G, where H is a finite subgroup of 
SU(2), Zm is a finite cyclic subgroup of G generated by c: 

and T belongs to A''su(2)(-f^)- is a fiber bundle over with fiber S^/H, 
which has a canonical complex structure, defining a Hopf surface. It should 
be noted that if r does not belong to H and m >2, then 5 is a non-trivial 
bundle. Conversely, given a Hopf surface S with fiber S^/H, defined by 
the action p, we can assume f jllj) that p(l) is a diagonal matrix, all of 
which entries are m-th roots of 1. Then we can see that p(l), which belongs 
to A^u(2)(-ff), actually belong to A''su(2)(-f^)- Hence S is diffeomorphic to 
the one constructed above. For the case of S"^ x 5^, it was shown (due to 
Z. B. Qin that a complex surface diffeomorphic to 5*^ x 5^ must be 
a Hirzebruch surface of even type, which is by definition a ruled surface of 
genus with diffeomorphism type 5^ x S"^. As is well-known, there exist two 
diffeomorphism types of ruled surfaces of genus 0: 5^ x 5^ and CP^^CP^ 
(which correspond to two diffeomorphism types of S^-bundles over S'^). A 
Hirzebruch surface of odd type is the surface of the latter type. We can 
see that no non-trivial finite quotient of 5^ x S'^ has complex structure. It 
is well-known (due to S. -T. Yau) that CP^ can have only the standard 
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complex structure. We have studied in detail the case of solvmanifolds in 
this paper. The complex surfaces with diffeomorphism type of solvmanifolds 
are Inoue surfaces for n = —oo and all of those with C2 = for k = 0. For 
the case of 5^ x r\SL2(R), C. T. C. Wall showed ES] that it admits a 
canonical complex structure, which define a properly elliptic surface with 
bi = odd and C2 = 0; and conversely any such surface with no singular 
fibers is diffeomorphic to x r\SL2(R) for some lattice F. 
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